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DIFFUSION IN THE BOUNDARY LAYER ON A PLATE WITH
INHOMOGENEQUS CHEMICAL PROPERTIES”

E.M. PODGAETSKII

Stationary convective diffusion of a substance dissolved in a viscous incompres-
sible fluid in laminar flow over a flat plate is considered. An irreversible chemical
transformation of the substance takes place at the plate face. The reaction kinetics
are nonlinear and its constant rate depends on temperature. The reaction thermal
effect ig¢ taken into account. The Reynolds, Péclet, and the thermal Prandtl numbers
are assumed large, thus ensuring the presence of respective boundary layers on the
plate. The problem is reduced to a nonlinear integral equation. An analog of
similar flow in a round pipe is formulated. Solution of these equations is derived
by the method of iteration. Exact lower and upper estimates of the problem solu-
tion are obtained. Conditions under which the concentration of substance on the
surface diminishes as the distance from the plate leading edge increases are obtained.
Numerical calculation results are adduced.

Neglecting the heat transfer in the plate, we obtain the known (e.g., /1/) equations and
boundary conditions

a9 ac dc

a—y._,-"ua—z_*"vég (l)
y—+», ¢c»C,; =0, y=0, c=C
y =20, D(d¢y) =kF (¢), k=Fk(T)
PLA L L (2)
ay? dx dy

ywoo, T>T,; 2=0,y£0, T=T,

y =0, —A(0T/3y) = QD (3c/8y)

x

where z and y are Cartesian coordinates along and across the plate, v and v velocity compon-
ents of fluid along axes z and y, respectively, ¢ is the concentration of dissolved substance,
T is the fluid temperature, D,qe,A are, the diffusion, thermal diffusivity, and heat conduct-
ivity coefficients, respectively, &F(c) is the reaction rate, k is the constant of reaction
rate dependent on temperature, and Q is the reaction thermal effect.

We assume the coefficient of the fluid kinematic viscosity v to be independent of temper-
ature, and the hydrodynamic problem of determining u and » to be separate from the diffusion
and thermal problems. Formulas (1) and (2) are closed by specifying « and ». Systems (1)}
and (2) are related by the boundary conditions at the plate surface. We shall seek the solu-
tion in the class of continuous functions.

Let us, first, consider the case when the plate surface is isothermic {(in terms of form-
ula {2) this condition is satisfied when Q= 0, although in practice it can be achieved also
when Q=0 by feeding or extracting heat), and value of k is a specified function of =z

y=0, T = const, k= % (z) (3)

Actually, the dependence of k on z is not a priori known and is determined in the
course of solution in the form k= k[T (z)]. However, some of the problems reduce, as shown
below, to problem (1), (3), whether their formulation is approximate, or sometimes, an exact
one.

Everywhere below we assume that Pr'/*> 1 (Pr = v/D is the Prandtl number), i.e. that the
diffusion in boundary layer is considerably thinner than the hydrodynamic. Problem (1), (3) was
solved analytically,when it was possible to restrict the series in ¥ for v and » to the first terms /2,
3/, andwhen F()=c¢ for x(z)=const , while for F(¢c)=c"(n =2 and 0.5), numerically /4/. The ana-
log of problem (1), (3) for smooth particles when % (z)= const, usually at large Péclet numbers, was
investigated in a number of publications (e.g., /5/). Alsoknown are solutions in special cases of
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x (s} = const {(in /2/ for x=0 in the band adjoining the plate leading edge, and downstream of

that band when x=o00, and in /6/ for staggered bands).
Taking for u and v asymptotic expressions as y— 0 in the Balsius problem /2/, from (1),

(3), proceeding as in /4/, we obtain the integral equation

4
R FIC ()1ds {4)

C=A[C], A[CY=A[C, R Fl=C,~—b ]
-

o
Csmelz () ¥lymgr t=42a)1D (uyn)/(3v'), @ ==0.332
Rty = lz(®)], b =" 20T () 2, D1

where (I'{z) is thegamma function and Uy is the oncoming stress velocity.
For the flow in a tube of radius ry in a similar formulation we again obtain Eg. {4} in

which
= 2D (uofr)'z, b=y [(12)T () u DY, R (0= x[z ()] )

Assuming that functions x[z{a], "dR/dt are continuous for >0, and dFide for 0<e¢<C,,
with conditions F(0) =0, dFfde > 0,0<ec¢< (, and constraint dR/t>0,:>0, it is possible to prove
the inequality

dCdt <0, t >0 {6)

Using Eq.{4) and inequality {6}, we obtain the exact estimates

Co(} T SOy () (7}

+
(C., =Gy — %_bl? (Y EBF(Co), Cy = Cp— BF (C3) S 35%;_;:)
i

We derive the solution of Eq.({4) by the method of iteration /7/, taking G, ¢, as the

input. estimates
Cop =max {Cop sy AlCp Il Copyy = min{Cp L ATCHT k=1,2,... (8)

Proceeding as in /7/, we can prove the inequalities
Cony SCair Cory > Cppp =142, Cop KOS gy F=04 ..
and the convergence of €, to Cas n- . BAny continuous functions that satisfy the condi-
tion 0 <C KK C, can be taken for ¢, and (¢,. For instance, we can use the inequality
iHe=P{Cas1t, C,=CiC,

PIC)=PC,)= %z’% @0 C). j=b(%)
Yes

e 3\ i/a (Yo K
’m—DCm(i’> (a Fr) (\;) £20/s)

where f, is a local diffusion stream flowing on the plate under condition of total absorp-
tion /2/. The dimensionless functions ¢ and @, and the variable : are defined by conditions

® [z ()] F (&) = %oCang (5) D (C,), 2= (bmy)"1t

We, then, obtain the more precise upper bound ¢ of the solution of Eqg. (4)

cxcy =[P
SO =i @ o, P 1> 1

where ¢, is de.fined in the last case by the equatiocn P (Ce/Cy) = 1. Estimate ¢,/ becomes mean~-
ingful, i.e. lower than ¢, only for fairly large .

It is expedient to take at the n-th step C*={(ln+ €,,)/2, as the approximate sclution,
since then the relative error is defined by the quantity da=]C,— net] H{2min (Cn, Cpy)).

The estimate Cy(f) for x{f)=const is the same as the approximate solution of Eqg, (4) ob-
tained in /4/ by the method of uniformly accessible surface,

Let us consider, as an example, the case in which variability of the constant is due to
its dependence on temperature in conformity with the Arrenhius law

& = ko exp [—E/R,T)), k, = const {9}

Let us now consider the case of viscous fluids for which Pri/*>1,Prp==vfa, when it is
possible to derive from Eqgs. (1) and (2) the relation between ¢ and T at the surface
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y=0, T:Tw(1+e—~e_c..>, z:%(_q)_l/. 110,
C,, T A \a i
If the reaction is endothermic, i.e. Q< 0, then the subsitution of (9) intc Eq. (4)

with allowance for relation (10) yields

C=A|[C,Ry, Y] (11)
¥ (C) = F (C) exp [gsi+:(—1€/g7’c“) ] - Rme' By (t) = koe=8 410
with condition
PAC > 0,0 < C < C,y (12)

satisfied.

When the reaction is exothermic, i.e, {>0, we first find the approximate expression
for 7T (1), taking into account that under usual conditions e<€ 1 /4/. In that case

TH)=Ty =T, (1 +e—eC/C,) (13)
C° = A[C° Ry, F} (14)
Substituting (8) into Eq.(4) with allowance for (13), for the approximate determination

we have
C = A4[C, Ry, Fl, R, (1) = Ru(t) exp [g (1—T/T})} (15)

Since dRy/dt>0, hence from inequality (6) it follows in conformity to Eq. (14) that dC°dt <
0, i.e. with allowance for (13) we have d7Ty/dt>0. Consequently

dRy/dt >0 (16)

Thus problem (1), (2), (8) reduces in the case of exact formulation with &< 0 to problem
(1), (3) in the particular case of x(z)=const with the substitution of ({(C) for F(¢), and
in the case of approximate formulation with £>0, but e<€ 1, and with x(z) = ke fexp [g(1 —
T,/T)] it reduces to the same problem. By virtue of conditions (12) and (16) and of inequal-
ities dRy/dt>0, dF/dC >0 it is possible to apply to Egs.{(11l), (15), and (l14) the respective
estimates (7) and method (8).
The dependence of ¢, = C/C, and jr=j/j, on z is shown in Fig.

1

Cpsdn 1 by solid and dash lines, respectively in the case of F (€)= C?
3 ,///"‘ and g = 50. The error of computation with an accuracy to C,* and
y 1 z <1 did not exceed 0.06 for curve 1(e=0,(, —z), and 0.1 for
2 >—<_‘ curves 2 and 8 (¢=0.05 and —0.05,C. —z). The small circles cor-
0.5 <] respond to numerical solution of Eq. (4) obtained in /4/ with & =0.
2//’/\<—"" = According to these data the discrepancy in the case of curve 7
////J// \ (€, —z) does not exceed 0.005 (z << 1).
The author thanks E.M. Landis and V.S. Krylov for consulta-
Z tions and discussion.
a 03 1
Fig.1l
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